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Abstract 



We review and extend here some recent results on the existence of minimal surfaces 
and isoperimetric sets in non homogeneous and anisotropic periodic media. We also 
describe the qualitative properties of the homogenized surface tension, also known as 
stable norm (or minimal action) in Weak KAM theory. In particular we investigate its 
strict convexity and differentiability properties. 

1 Introduction 

In Euclidean spaces, it is well known that hypcrplanes are local minimizers of the perimeter 
and that balls are the (unique) solutions to the isoperimetric problem i.e. they have the least 
perimeter among all the sets having a given volume. The situation of course changes for 
interfacial energies which are no longer homogeneous nor isotropic but it is still natural to 
investigate the existence of local minimizers which are plane-like and of compact isoperimetric 
sets in this context. More precisely, for an open set f2 C M. d and a set of finite perimeter E 
(see [23]), we will consider interfacial energies of the form 



where T-L d ~ 1 is the (d — l)-dimensional Hausdorff measure, v E is the internal normal to E, 
d* E is the reduced boundary of E, and F(x,p) is continuous and periodic in x, convex and 
one-homogeneous in p with 
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co\p\ < F(x,p) < —\p\ V(x,p) G R d x R' 
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for some Cq > 0. When f2 = M. d , we will simply denote by £, the functional £(-,M. d ). In the 
following we will denote by T the d dimensional torus and Q := [0, l) d . 

In a first part, we review the fundamental result of Caffarelli and De La Llave [12] concerning 
the existence of plane-like minimizers of £ and we will define a homogenized energy ip(p) 
(usually called stable norm or minimal action functional), which represents the average energy 
of a plane-like minimizer in the direction p. The qualitative properties of the minimal action 
are studied in the second section. The following result was proven in [T3] (see also [H 125]). 

• If p is "totally irrational" (meaning that there exists no q e Z d such that q ■ p = 0) then 
Vip{p) exists. 

• The same occurs for any p such that the plane-like minimizers satisfying the strong 
Birkhoff property give rise to a foliation of the space. 

• If there is a gap in this lamination and if (qi, . . . , q^) € 1 d is a maximal family of 
independent vectors such that q^ -p = 0, then d<p(p) is a convex set of dimension fc, and 
(f is differentiable in the directions which are orthogonal to {q±, . . . In particular 
if p is not totally irrational then ip is not differentiable at p. 

• ip 2 is strictly convex. 

In the last section, we extend some results of |24| concerning the existence of compact mini- 
mizers of the isoperimetric problem 



for every given volume v > and show that these minimizers, once rescaled, converge to the 
Wulff shape associated to the stable norm ip. 

Let us conclude this introduction by pointing out that, using a deep result of Bourgain and 
Brezis [5] , see also Qj|J [TSl Q3] , all the results presented here directly extend to functionals of 
the form 



where g £ L d (T) is a periodic function with zero mean satisfying some smallness assumption 
(for the results of Section [3] to hold, one needs also that g is Lipschitz continuous). 
Notice also that when considering the perimeter i.e. when F(x,p) = \p\, smooth minimizers 
of §3§ satisfy the prescribed mean curvature equation 



where ke is the mean curvature of the set E. The existence of plane-like minimizers of §3§ 
can then be rephrased in term of existence of plane-like sets with prescribed mean curvature. 
On the other hand, in [53], the isoperimetric problem ^ was introduced in order to study 
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existence of compact sets with prescribed mean curvature, leading to the proof of the following 
theorem. 

Theorem 1.1. Let d < 7 and g be a periodic C°' a function on M. d with zero average and 
satisfying a suitable smallness assumption. Then for every e > there exists e' S [0, e] such 
that there exists a compact solution of 

k e = g + s'. 



2 Plane- like minimizers 

In [12], Caffarelli and De La Llave proved the existence of plane- like minimizers of £ . 

Theorem 2.1. There exists M > depending only on cq such that for every p G M. d \ {0} 
and a6l, there exists a local minimizer (also called Class A Minimizer) E of £ such that 

x- >a + Af| C E C |x- p >a-Afj. (4) 

Moreover dE is connected. A set satisfying the condition Q is called plane-like. 

Definition 2.2. Let p 6 R d \ {0} and let E be a plane-like minimizer of £ in the direction 
p. We set 

<p(p) := \p\ lim 1 £( E ,B R ), 

.R-s-oo Ud-\ii 

where uJd-i is the volume of the unit ball in K d_1 . 

Caffarelli and De La Llave proved that this limit exists and does not depend on E. In [15] . 
the first author and Thouroude related this definition to the cell formula: 

<p(p) = minjy F(x,p + Dv{x)) : «eW(T)j . (5) 

It is obvious from ([5]) that tp is a convex, one-homogeneous function. However, since the 
problem defining if is not strictly convex, in general the minimizer of ([S]) is not unique. 
Nevertheless, this uniqueness gencrically holds (see [T31 Th. 4.23, Th. B.l]). This is an 
instance of the so-called Mane's conjecture. It has been shown in [TS] that the minimizers of 
([5]) give an easy way to construct plane-like minimizers: 

Proposition 2.3. Let v p be a minimizer of ([5]) then for every s£l, the set {v p (x)+p-x > s} 
is a plane-like minimizer of £ in the direction p. 

For e > and E C M. d of finite perimeter, let 



£ £ {E) := e {d ~ x) £ (e^E) = f F (x/s, v l 

Jd'E 



; E ) dU d ~ x 

id'E 

It was shown in [15] (see also [10]) that the convergence of the average energy of plane-like 
minimizers to the stable norm can also be reinterpreted in term of T-convergence |18] . 
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Theorem 2.4. When e — > 0, the junctionals £ £ T -converge, with respect to the L 1 -convergence 
of the characteristic functions, to the anisotropic functional 

So(E)= ip{v E )dU d ~ 1 E C m d of finite perimeter. 

Jd'E 

3 Strict convexity and differentiability properties of the 
stable norm 

In this section we are going to study the differentiability and strict convexity of the stable 
norm ip. It is a geometric analog of the minimal action functional of KAM theory whose 
differentiability has first been studied by Aubry and Mather [3l [27] for geodesies on the two 
dimensional torus. The results of Aubry and Mather have then been extended by Moser 
|31| . in the framework of non-parametric integrands, and more recently by Senn |32j . In 
this context, the study of the set of non-sclfintersecting minimizers, which correspond to 
our plane-like minimizers satisfying the Birkhoff property has been performed by Moser and 
Bangert [301 E], whereas the proof of the strict convexity of the minimal action has been 
recently shown by Senn |33j . Another related problem is the homogenization of periodic 
Riemannian metrics (geodesies are objects of dimension one whereas in our problem the 
hypersurfaces are of codimension one). We refer to [11] [9] for more information on this 
problem. 

We define the polar function of F by 

F°(x, z) := sup z ■ p 

{F(x,p)<l} 

so that (F°)° = F. If we denote by F*(x, z) the convex conjugate of F with respect to the 
second variable then {F*(x,z) = 0} = {F° < 1}. We will make the following additional 
hypotheses on F: 

• F is C 2 > a {R d x (M d \{0})), 

• F is elliptic (that is F(x,p) — C\p\ is a convex function of p for some C > 0). 
With these hypothesis we have [TJ \W\ [T31 Prop. 3.4] 

Proposition 3.1. For any plane-like Class A Minimizer E, the reduced boundary d*E is of 
class C 2 ' a and H d ~ 3 (dE\d* E) = 0. Let Ei C _B 2 be two Class A Minimizers with connected 
boundary, then U^^dEx n dE 2 ) = 0. 

In the following we let 

X := {z e L°°(T,m d ) : divz = , F°(x,z(x)) < 1 a.e}. 

Using arguments of convex duality, it is possible to characterize the stable norm as a support 
function [H Prop. 2.13]. 
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Proposition 3.2. There holds 

ip(p) = sup ( z 
Hence, the subgradient of <p at p £ M. d is given by 

d V {p) = ( f z : zeX,( I z) -p = V (p)\. 



T 

Since 

(p is differcntiablc at p dtp(p) is a singleton, 

Proposition 13 . 2 1 tells us that checking the differentiability of tp at a given point p is equivalent 
to checking whether for any vectorfields Z\,Z2 € X, 



z\ • p = / z 2 ) ■ p = tp(p) / Zi = / z 2 - 

J \Jt / Jt jt 

We now introduce the notion of calibration. 

Definition 3.3. We say that a vector field z G X is a periodic calibration of a set E of 
locally finite perimeter if, we have 



z, v 



■ E '-F(x,v E ) H d ~ 1 \—d*E - a.e. 



When no confusion can be made, by calibration we mean a periodic calibration. 

In the previous definition, [z, v E \ has to be understood in the sense of Anzcllotti but is 
roughly speaking z(x) ■ v E (x) when it makes sense (see J2J03]). By the differentiability of 
F(x, •), this implies that on a calibrated set, the value of z is imposed since there must holds 
(see [14] for a more precise statement) 

z{x) = V p F{x,u E ) (7) 

Using some arguments of convex analysis and the coarea formula, it is possible to prove the 
following relation between calibrations and minimizers of ([5]). 

Proposition 3.4. Let z € X be such that, (J T z) £ d<p(p) then for any minimizer v p of 

[z,Dv p +p] = F(x,Dv p +p) \Dv p + p\ - a.e. (8) 

and for every s £ R, z calibrates the set E s := {v p + p ■ x > s}. We say that such a vector 
field z is a calibration in the direction p. 

Equation ([5]) is the Euler-Lagrange equation associated to ([5]) . Notice that thanks to ([7]) , the 
value of any calibration in the direction p is fixed on dE s . Hence, it is reasonable to expect 
that if these sets fill a big portion of the space, the average on the torus of any calibration will 
be fixed which would imply the differentiability of if. One of the importance of calibration 
is that it implies an ordering of the plane-like minimizers. 
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Proposition 3.5. Let z e X calibrates two plane-like minimizers E\ and Ei with connected 
boundaries. Then, either E\ C E2, or E2 C E\. As a consequence TL d ~ 3 (dEi n dE^) = 0. 

Using the cell formula we can already prove the strict convexity of p . 

Theorem 3.6. The function ip 2 is strictly convex. 

Proof. Let p\,p2 1 with p\ P2, and let p = pi + P2- We want to show that, if p(p) = 
<p(pi) + l fi{P2), then pi is proportional to P2, which gives the thesis. 
Indeed, we have 



Since p(p) = p(pi) + l p(p2), it follows that v pi + v P2 is also a minimizer of (JS|) and, in 
particular, z p satisfies 

[z p ,px+ Dv Pl ] + [z p ,p2+ Dv P2 ] = F(x,px + Dv Pl ) + F(x,p 2 + Dv P2 ) 

(\pi + Dv Pl + \p2 + Dv P2 )-a.e., so that 

[z p ,pi + Dv Pi ] = F(x,pi + Dv Pi ) ie{l,2}. 

This means that z p is a calibration for the plane-like minimizers 

{v p + p ■ x > s} , {v pi + pi ■ x > s} and {v P2 + p 2 ■ x > s) 

for all s£l. By Proposition 13.51 it follows that they are included in one another which is 
possible only if p\ is proportional to p2- □ 

We can also show that ip is diffcrentiable in the totally irrational directions. 

Proposition 3.7. Assume p is totally irrational. Then for any two calibrations z,z' in the 
direction p, J^zdx = J T z' dx. As a consequence, dp(p) is a singleton and ip is diffcrentiable 
at p. 

Proof. The fundamental idea is that since p is totally irrational, even if the levelsets {v p +p ■ 
x > s} do not fill the whole space, the remaining holes must have finite volume and therefore 
do not count in the average. 




= ¥>(Pi) + f{P2) ■ 



G 




(9) 



{v p +p-x=s} 



Let C s := {x : v p (x) + p ■ x = s} then dC s = d{v p + p ■ x > s} U d{v p + p • x > s}. Moreover, 
all the C s are empty except for a countable number of values. Consider such a value s. Since 
z and z' calibrate C s which is a plane-like minimizer we have [z, v Cs ] = [z 1 , v Ca ] on d*C s . 
Then, we observe that the sets Cj = Q n (C s — q), q G Z d , are all disjoint since p is totally 
irrational and since all the Cj are calibrated by z, so that their measures sum up to less than 
1. 

Let e, be a vector of the canonical basis of W 1 then by the divergence Theorem (where the 
integration by parts can by justified thanks to \C' S \ < 1) we compute 



which gives our claim. 

In particular, wc obtain that J^ d { z ~ z ') dx = J c (z — z') dx = hence Jq(z — z') dx = 



When p is not totally irrational, we have to consider a slightly bigger class of plane-like 
minimizcrs than those obtained as {v p + p ■ x > s} for v p a minimizer of and s G M. 
Indeed, we must consider all the plane-like minimizers which are maximally periodic. 

Definition 3.8. Following \25l \ 32l we give the following definitions: 

• we say that E C M. d satisfies the Birkhoff property if, for any q G Z d , either E C E + q 
or E + qC E; 

• we say that E satisfies the strong Birkhoff property in the direction p G 1 d if E C E + q 
when p ■ q < and E + q C E when p ■ q > 0. 

We will let CA(p) be the set of all the plane-like minimizers in the direction p which satisfy 
the strong Birkhoff property 

Notice that the sets {v p + p ■ x > s} have the strong Birkhoff property. It can be shown 
that the sets of this form correspond exactly to the recurrent plane-like minimizers which are 
those which can be approximated by below or by above by entire translations of themselves 
(see [131 Prop. 4.18]). For sets satisfying the Birkhoff property there holds [131 Lem. 4.13, 
Prop. 4.14, Prop 4.15]. 

Proposition 3.9. Let E be a set with the Birkhoff property then it is a plane-like minimizer 
(with a constant M just depending on Cq and d), calibrated and dE is connected. 




(10) 



0. 



□ 
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For sets satisfying the Strong Birklioff property, it can be further proven [T3J Th. 4.19]. 

Theorem 3.10. Let z be a calibration in the direction p, then z calibrates every 'plane-like 
minimizer with the strong Birkhoff property. 

As a consequence of Proposition 13.51 and Theorem 13. 101 for every p S M d \ {0}, the plane-like 
minimizers of CA(p) form a lamination of R d (possibly with gaps). In light of (0, we see 
that 

Proposition 3.11. If there is no gap in the lamination by plane-like minimizers of CA(p) 
then <p is differentiable at the point p. 

We are thus just left to prove that if p is not totally irrational (meaning that there exists 
q E 7< d such that p ■ q = 0) and if there is a gap G (whose boundary dE + U dE~ is made 
of two plane-like minimizers of CA(p)) in the lamination then <p is not differentiable at the 
point p. To simplify the notations and the argument, let us consider the case p = 2 and 
(PjQ) = i e i, e 2), the canonical basis of K 2 . Let E n := {u ei+ i e2 + (e\ + ^e 2 ) ■ x > 0} be 
plane-like minimizers in the direction e\ + ^e 2 which intersects G, then up to translations 
(in the direction e 2 ), we can assume that there is a subsequence which converges to a set H + 
which also intersects the gap. It can be shown that H + is an heteroclinic solution meaning 
that it is included inside G, satisfies the Birkhoff property (but not the strong one), and 
that H + ± ke 2 — > E ± when k € N goes to infinity (see [T3J Prop. 4.27]). Moreover H + is 
calibrated by z + := limz„ where z n is any calibration in the direction e\ + ^e 2 (notice that 
z + is then a calibration in the direction ei). Consider similarly iJ_ (respectively z_), an 
heteroclinic solution in the direction —e 2 ( respectively a calibration of H-) then we aim at 
proving that 



which would imply the non differentiability of ip at e\ (in the direction e 2 ). 

Proposition 3.12. For t e [0, 1), let S t ■= {x ■ e 2 = t} (and S = So) then almost every 
s, t 6 R, we have 





(11) 



In particular, 




(12) 



Proof. Fix s < t e R, let Si : 



{x G Q 



s < x ■ e 2 < t} then 




□ 
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Proposition 3.13. Let v he the inward normal to H q , then 

\ [z+-z-,e 2 ]= [z+-z-,v]. 

JSriG Jd*H + 

Proof. We first introduce some additional notation (see Figure [l}: let 

£+ := d*H+ n {x ■ e 2 > 0} G+ := G n {x ■ e 2 > 0} n H$ 

and 



(13) 



E+ 




S+ :-- 


= SDGf)H c + . 








G+ ^ ' ~~~ 






S+ 


G 








> 


















G~ 





Then, 







Figure 1: Hctcroclinic solution in the direction e 2 
/ div(z+ -Z-)= \ 

JG+ JS 



>G+ JS+ 

Similarly we define £~ and S~ and get 



[z + - z_,e 2 j 



z+ ~z-,v\ 



\ [z+-Z-,v] = [z+-z-,e 2 ] 

JT,- JS~ 

Summing these two equalities we find (|13|) . 



□ 



We can now conclude. Indeed, since z + calibrates H+ and since Z- G X, on d*H + , there 
holds [z+ — Z-, e 2 ] = F{x, v) — v\ > and thus if 



/ [z+-Z-,v]=Q 

Jd*H+ 



then F(x, v) — [z_, v\ on dH + and thus z_ calibrates also H- which would lead to a contra- 
diction since it implies that H + and iJ_ cannot cross. Hence, 



/ [z+-z_,e 2 ]=/ [z + - z_, ^] > 0. 

JGCiQ Jd*H + 



In conclusion we have (see |13j for a complete proof) 

Proposition 3.14. If there is a gap in the lamination by plane-like minimizers ofCA(p) and 
if (<j»x, ■ • ■ , qk) 6^ is a maximal family of independent vectors such that qt -p = 0, then d(p(p) 
is a convex set of dimension k, and if is differentiate in the directions which are orthogonal 
to {qi, . . . , qk}- In particular if p is not totally irrational then tp is not differentiate at p. 
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4 Existence and asymptotic behavior of isoperimetric 
sets 

In this section we extend some results of [23] on the existence of compact minimizers of 
the isoperimetric problem ©. Beside ([I}, we will make the hypothesis that F is uniformly 
Lipschitz continuous in x, i.e. there exists C > such that 

\F(x,p) - F(y,p)\ < C\x - y\ V(x, y,p) G R d x R d x S d ~\ 

Our strategy will differ from the one of [2H Th. 2.6]. It will instead closely follow [2H Th. 
4.9]. The idea is to use the Direct Method of the calculus of variations together with a kind 
of concentration compactness argument to deal with the invariance by translations of the 
problem. Notice that a similar strategy has been used to prove existence of minimal clusters 
(see [261 Th. 29.1]). Wc first recall Almgren's Lemma (see [26l Lem. II.6.18], [28] ). 

Lemma 4.1. If E is a set of finite perimeter and A is an open set ofR d such that H d ~ 1 (d*ED 
A) > then there exists o~q > and C > such that for every a G (— oo,(7o) there exists a 
set F such that 

• FAE <e A. 

• \F\ = \E\+a. 

. \£(F,B 1 )-£(E,B 1 )\<C\o-\. 

We now prove that any minimizer (if it exists) has to be compact. 

Proposition 4.2. For every v > 0, every minimizer E of ^ has bounded diameter. 

Proof. The proof follows the classical method to prove density estimates for minimizers of 
isoperimetric problems (see [23]). Fix v > and let E be a minimizer of ([2]). Let then 
/(r) := \E\B r \. Let us assume that the diameter of E is not finite then f(r) > for every 
r > 0. Let us assume that H d ~ 1 (d*E D B{) > then let cfq and C be given by Almgren's 
Lemma and fix R > 1 such that f(R) < ctq then for every r > R there exists F such that 

• FAE <e B x . 

. \F\ = \E\+f(r) 
. \£(E,B r )-£(F,B r )\<Cf(r). 
Letting G := F D B r we have |G| = \E\ thus by minimality of E, we find 

£{E) <£{G) <£{F 1 B r )+U d - 1 {dB r nF) < £(E, B r ) + Cf(r) + H d ~ 1 (dB r n E) 
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and thus 

c U d - 1 {d*E\B r ) < Cf{r) + U d - x {dB r DE) + f(r) 
then using the isopcrimetric inequality we get 

ci/(r)^ <C/(r)+/'(r) 

If now Ri > R is such that /(r) < ^, we get 

C/(r)^ < /'(r) 

and thus < — C which leads to a contradiction. □ 

Remark 4.3. Adapting the proof of [T7] to the anisotropic case, it should be possible to 
prove the boundedness of minimizers under the weaker assumption that F(-,p) is continuous 
(using the so-called e — e 13 property). 

We can now prove the existence of compact minimizers for every volume v > 0. 
Theorem 4.4. For every v > there exists a compact minimizer of 

Proof. To simplify the notations, let us assume that v = 1. Let Ek be a minimizing sequence 
meaning that \E^\ = 1 and £(Ek) — > mi\E\=i£{E). For every k <E N, let {Qi,k}ien be a 
partition of R d into disjoint cubes of equal volume larger than 2, such that the sets Ek n Qi^k 
are of decreasing measure, and let x^k = \Ek H Qi,k\- By the isoperimetric inequality [2"5] . 
there exist < c < C such that 

i 
i 

< c £(E k ) < C 

hence 

2^^, fe = l and ^ijfe ^ T- 
»=i i=i 

Since Xi^. is nonincrcasing with respect to i, it follows that (cf [24j Lem. 4.2]) for any N 

oo CI 

^ 7iv^' (14) 

Up to extracting a subsequence, we can suppose that x^fe -> 6 [0, 1] as fc — !> +oo for every 
i £ N, so that by (fT4"]l we have 

X> = 1. (15) 
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Let Zi^k S Qi,k- Up to extracting a further subsequence, we can suppose that d(zi t k, Zj t k) ~^ 
Cij <E [0, +00], and 

(Ek — Zi^k) — > Ei in the i 1 1 oc -convergencc 

for every i € N. And it is not very difficult to check that Ei are minimizers of under the 
volume constraint Vi :— \Ei\. Notice that by Proposition 14.21 each Ei is bounded. 
We say that i ~ j if cy < +cxj and we denote by [i] the equivalence class of i. Notice that 
Ei equals Ej up to a translation, if i <~ j. We want to prove that 

5> = L (16) 

[i] 

where the sum is taken over all equivalence classes. For all R > let Qr = [-R/2, R/2] d be 
the cube of sidelength R. Then for every ieN, 

\Ei\ > \Ei n Q fl | = lira \{E k - z hk ) H Q fl | . 

If j is such that j ~ t and cy < ^, possibly increasing i? we have Qj,fc — Zj,fc ^ Qb, for all 
/c G N, so that 



lim |(£)i-z^)nQ fl |> lim V |£ fc n Qj, k \ = V a,. 

k— > + 00 fc— J- + CXD z — * z — ^ 

\ 2 _\ 2 

Letting _R — > +00 we then have 

1^1 >5>i 

hence, recalling (fT5|) . 

w 

thus proving (jT6|) (since the other inequality is clear). 
Let us now show that 

V £(£,) < inf E(E). (17) 

£-{ |B|=1 

Choosing a representative in each equivalence class [i] and rcindcxing, from now on we shall 
assume that c,j = +00 for all i ^ j. Let J e N be fixed. Then for every R > there exists 
K 6 N such that for every k > K and i, j less than /, we have 

d(z it k,z jt k) > R. 
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For k > K we thus have 



£(E k )>y2f F{x,v E «)dU° 



_jd-l 
c yx, is - ) UT7 

" JaB fc n(Bfl+ Zi , fc ) 

E k \ jnjd-1 



= V / F{x,v Ek )dH 

i=1 Jd{E k -z t}k )nB R 

I 

?:=i 

From this, and the lower- semicontinuity of £, we get 

/ i 
inf 5 (£0 > Vliminf £(£ fe - Z^.-Ba) > Vf(E„B s ). 

IE =1 ' — ' fc->oo * — ' 
i—1 i—1 

Letting R — >• oo and then / — > oo (if the number of equivalence classes is finite then just take 
/ equal to this number), we find (JTTJ) . Let finally di := diam(-Ej) and F := [L (i?,; + 2djei) 
where ei is a unit vector then \F\ = 1 and 



£{F) = Y,£{Ei)<;™l£{E) 

\& — 1 



l-B|=l 

and thus F is a minimizer of @ (notice that by Proposition ^. 21 we must have Ei~§ for i 
large enough). 

□ 

Remark 4.5. Another proof, in the spirit of [MJ Th. 2.6] would consist in proving first 
existence of compact minimizers of the relaxed problems 

min £{E)+n\\E\ -v\ (18) 

ECR d 

for n > using uniform density estimates (see [2H Prop. 2.1, Prop. 2.3]) and then showing 
that for [i large enough, the minimizers of (|18l) have volume exactly equal to v. In this more 
general situation with respect to the one studied in [23], instead of relying on the Euler- 
Lagrange equation as in Th. 2.6] (which works only in a smooth setting i.e. for F elliptic 
and smooth and for low dimension d) one could argue by contradiction and follow the lines 
of [20]. Notice also that contrary to [24] Th. 2.6], this strategy (just as the one adopted here 
in the proof of Theorem 14. 4[) would not give quantitative bounds on the diameter. 

Remark 4.6. The isoperimctric problem is very similar to the isoperimetric problem 
on manifold with densities which has recently attracted a lot of attention and where similar 
issues of existence of compact minimizers appear (see [551 US HZ])- Notice however that in 
these works, the media is usually considered as isotropic, meaning that F(x,p) = f(x)\p\ 
with some hypothesis on the behavior at infinity (or with some radial symmetry) of / which 
is not compatible with periodicity. 
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Remark 4.7. Using Almgren's Lemma, it is not difficult to sec that minimizers of the 
isopcrimetric problem ^ are quasi-minimizers of £ (of course without volume constraint 
anymore) and as such, they enjoy the same regularity properties (see [2H1 Example 2.13] , [T5J ) ■ 
In particular, under the hypothesis of Scction[3l they are C 2 ' a out of a singular set of (d — 3)- 
Hausdorff measure equal to zero. 

Let W = {ip° < 1} be the Wulff shape associated to (p. It is then the (unique) solution to 
the isopcrimetric problem associated to ip (see |22j ) 



For v > 0, let E v be a compact minimizcr of ([2]). Let e := an d E e :~ sE v then E £ 

is a minimizcr of 



then using Theorem 12.41 and following the same proof as in Theorem 14.41 (see [Ml Th. 4.9]), 
we get: 

Theorem 4.8. There exist a sequence of vectors z £ € M. d such that E s + z e — > W when 



The asymptotic shape for small volume has been investigated in a very precise way in |21j . 
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